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Abstract A mathematical model of steady state mono-layer potentiometric biosen-
sor is developed. The model is based on non stationary diffusion equations containing
a non linear term related to Michaelis-Menten kinetics of the enzymatic reaction. This
paper presents a complex numerical method (He’s variational iteration method) to
solve the non-linear differential equations that describe the diffusion coupled with
a Michaelis-Menten kinetics law. Approximate analytical expressions for substrate
concentration and corresponding current response have been derived for all values
of saturation parameter α and reaction diffusion parameter K using variational itera-
tion method. These results are compared with available limiting case results and are
found to be in good agreement. The obtained results are valid for the whole solution
domain.

Keywords Non-linear · Boundary value problems · Enzyme-catalyzed reaction ·
Michaelis-meten kinetics

1 Introduction

Biosensors are analytical devices that combine the selectivity and specificity of a bio-
logically active compound with a signal transducer and an electronic amplifier [1–3].
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The transducer coverts the physico-chemical change of the biological sensing ele-
ments usually an enzyme, resulting from the interaction with analyte into an output
concentration dependent signal. The biosensors are classified according to the nature
of the physical transducer. The amperometric biosensors measure the changes of the
current on a working indicator electrode due to direct oxidation of the products of the
biochemical reaction [2–4]. Potentiometric biosensor have assumed great importance
in both theoretical and applied work. In this case the potential at the electrode is held
constant while the current flow is measured. Biosensors combine the execute selectivity
of biology with the processing power of modern microelectronics and optoelectronics
to offer powerful new analytical tools with major applications in medicine, environ-
ment diagnosis and the food processing industries. Biosensors can be mass produced
at low cost. Biosensors yield a signal which is proportional to the concentration of a
measured analyte.

Modelling of biosensors is of a crucial importance to understand their behavior. Nor-
mally it is not possible to measure the concentration of subtracts inside the enzyme
membranes with analytical devices. Hence mathematical models in biosensors have
been developed and used as an important tool to study the analytical characteristics
of actual biosensors. Biosensor modeling have began with the work of Goldman and
co-workers [1]. They have published an extensive mathematical treatment of sub-
strate and product distribution in membranes containing enzymes. Sundaram et al.
[2] derived the equations describing the kinetics of reaction in an enzyme membrane
immersed in a substrate solution. Kasche and co-workers [3] presented a model and
equations describing steady-state catalysis by an enzyme immobilized in a spherical
gel particles, and showed that catalysis by an bounded enzyme at low substrate con-
centrations differs obviously from catalysis by an unbound enzyme. Blaedel et al. [4]
derived equations for steady state fluxes of substrate and product through a membrane
in simple systems.

Some of the equations are solved for the fluxes, for the substrate (or) product con-
centrations. Gough et al. [5] have simulated the performance of a cylindrical biosensor
for glucose monitoring at steady state. Another mathematical model have been used
for the description of steady state and non-steady state behaviour of a multi-membrane
multi-enzyme amperometric biosensor. In Jobst et al. [6], a finite difference scheme
was used for the discretization of the model equation. Bacha et al. [7,8] have devel-
oped a model that take into account a variety of configuration designs to describe the
behavior of amperometric biosensor for glucose monitoring. Recently Baronas et al.
[9–11,24] have developed a mathematical model to examine the dynamic response of
amperometric biosensors in stirred and non-stirred solutions.

Using the implicit finite difference scheme [12], the influence of the substrate con-
centration as well as maximal enzymatic rate on the biosensor was investigated [13].
The explicit scheme is usually easier to program, however the implicit scheme has
a higher simulation speed [12,14]. The developed program was employed also to
generate multiple biosensor response data for specific analyzer of various concentra-
tions. The general time-dependent problem has been tackled previously by Carr [15]
using Fourier analysis, and the steady state problem has been examined by Brady
and Carr [16] via digital simulation using orthogonal collocation methods. Tran-Minh
and Broun [17] have also examined both the steady state and transient potentiometric
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response using digital simulation methods. Lyons and co-workers [19,23] have devel-
oped the approximate analytical expression of substrate concentration and current
only for small values of α and K using Laplace transform and ‘magic’ approximation
(Eq. 22). Recently Phanthong and Somasundrum [25] derived the steady state current
occurring at a microdisk electrode when a product from an immobilized enzyme reacts
at the electrode.

To my knowledge no rigorous analytical solutions for non-linear steady state con-
centration/current for polymer modified electrodes for all values of α (saturation
parameter) and K (reaction-diffusion parameter) have been reported. It should be
pointed out that, complete solutions have not yet been obtained even for steady state
behaviour because of the non-linearity inherent in Michaelis-Menten kinetics. In this
paper, we have derived a new, simple and closed analytical expressions of concentra-
tion and current using variational iteration method [20,26].

2 Mathematical formulation of the problem

During an enzyme-catalyzed reaction

E + S
KM←→ E S

k2−→ E + P (1)

the substrate (S) binds to the enzyme (E) to form enzyme-substrate complex ES.
While it is a part of this complex, the substrate is converted to product (P). The rate
of the appearance of the product depends on the concentration of the substrate. In
the simplest case, the diffusion of substrate molecules is neglected and steady-state
conditions are assumed for the enzyme reaction, the mathematical model of enzyme
kinetics is given by Michaelis-Menten equation:

ν = d P

dT
= − d S

dT
= VmaxS

KM + S
(2)

where ν is the rate of the enzymatic reaction, Vmax is the maximal enzymatic rate attain-
able with that amount of enzyme, when the enzyme is fully saturated with substrate,
KM is the Michaelis constant, S is the substrate concentration, P is concentration of

Fig. 1 Schematic representation
of a potentiometric enzyme
electrode
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the product, and T is time.The basic model used in this work and a definition of the
coordinate system are shown in Fig. 1. Let us assume the symmetrical geometry of
the electrode and homogeneous distribution of immobilized enzyme in the enzyme
membrane. Considering one-dimensional diffusion, coupling the reaction (1) with the
diffusion described by Fick’s law leads to the following non-linear reaction diffusion
equations:

DS
∂2S

∂χ2 −
VmaxS

KM + S
= 0, 0 < χ ≤ 1 (3a)

DP
∂2 P

∂χ2 +
VmaxS

KM + S
= 0, 0 < χ ≤ 1 (3b)

where DS and DP are diffusion coefficients of the substrate and product respectively.
Now, for a potentiometric biosensor, the boundary conditions are given by [9]

S = S0; P = 0 at χ = 1 (4a)
∂S

∂χ
+ ∂ P

∂χ
= 0 at χ = 0 (4b)

We make the above non-linear partial differential equations (Eqs. 3a, 3b) in dimension-
less form by defining the following parameters s, p, x, K and α, where s(= S/ks∞
where s∞ denotes the bulk concentration of the substrate and k denotes the first
order rate constant for substrate reaction at the polymer site), p(= P/ks∞) represents
dimensionless concentrations and x(= χ/L where χ denotes distance and L denotes
the thickness of the layer) represents dimensionless distance. Here α(= ks∞/KM

where KM denotes Michaelis constant) denotes a saturation parameter and K (=
kL2/DS) denotes reaction diffusion parameter. We also assume that DS and DP are
equal. The Eqs. 3a, 3b reduces to the following dimensionless form:

∂2s

∂x2 −
K s

1+ αs
= 0, 0 < x ≤ 1 (5a)

∂2 p

∂x2 +
K s

1+ αs
= 0, 0 < x ≤ 1 (5b)

Again, Eqs. 5a, 5b are non-linear partial differential equation. Now the boundary
conditions (Eqs. 4a, 4b) becomes

s(x = 1) = 1; p(x = 1) = 0 (6a)
∂s

∂x
+ ∂p

∂x
= 0 at x = 0 (6b)

The concentration of the substrate can be obtained by solving the non-linear Eq. 5a
for the above boundary conditions using variation iteration method. Adding the two
Eqs. 5a, 5b, we obtain ∂2s/∂2x + ∂2 p/∂2x = 0. This expression may be readily
integrated twice, using the boundary conditions (6a) and (6b), we obtain the relation
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s(x)+ p(x) = 1. Using this result the concentration of product P through the film may
be readily evaluated. Recently Rajendran et al. [18], solved a non linear Eq. 5a for the
boundary conditions s(x = 0) = f (K ). The variational iteration method [20,21,26]
has been successfully applied to finding the solution of non linear differential equa-
tion in closed form. The basic concept of variational iteration method is summarized
briefly here for completeness.

3 Basic concepts in the variational iteration method

To illustrate the basic concepts of variational iteration method (VIM), we consider the
following non-linear partial differential equation:

L [s(x)]+ N [s(x)] = g(x) (7)

where L is a linear operator, N is a nonlinear operator, and g(x) is a given continuous
function [20,22,26]. According to the variational iteration method, we can construct
a correct functional as follows:

sn+1(x) = sn(x)+
x∫

0

λ
[

L [sn(ξ)]+ N
[∼
sn(ξ)

]
− g(ξ)

]
dξ (8)

where λ is a general Lagrange multiplier [20–22] which can be identified optimally

via variational theory, sn is the nth approximate solution, and
∼
sn denotes a restricted

variation, i.e., δ
∼
sn = 0.

4 Steady state solution using variational iteration method

The non-linear Eq. 5a is solved for the above boundary conditions using variational
iteration method. Using the boundary conditions (Eqs. 6a and 6b), we begin with initial
guess satisfying the above boundary conditions

s0 = 1− a + ax2 (9)

where a (a < 1) is free parameter. The unknown parameter a is to be determined
by using first iteration results. The variational iteration method [20,21] has been suc-
cessfully applied to finding the solution of differential equation in closed form. Using
variation iteration method, we can write the correction functional of Eq. 8 as follows

sn+1(x) = sn(x)+
x∫

0

λ

[
(1+ αsn(ξ))

∂2sn(ξ)

∂ξ2 − K sn(ξ)

]
dξ (10)
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sn+1(x) = sn(x)+
x∫

0

λ

⎡
⎢⎢⎢⎣

∂2sn(ξ)

∂ξ2 +

∼︷ ︸︸ ︷
αsn(ξ)

∂2sn(ξ)

∂ξ2 −
∼︷ ︸︸ ︷

K sn(ξ)

⎤
⎥⎥⎥⎦dξ (11)

Taking variation with respect to the independent variable sn , noticing that δsn(0) = 0

δsn+1(x) = δsn(x)+ δ

x∫

0

λ

⎡
⎢⎢⎢⎣

∂2sn(ξ)

∂ξ2 +

∼︷ ︸︸ ︷
αsn(ξ)

∂2sn(ξ)

∂ξ2 −
∼︷ ︸︸ ︷

K sn(ξ)

⎤
⎥⎥⎥⎦dξ (12)

For all variational δsn and δsn ′, implying the following stationary conditions

δsn : 1− λ′(ξ)
∣∣
ξ=x = 0 (13a)

δs′n : λ(ξ )|ξ=x = 0 (13b)

δsn : λ′′(ξ)
∣∣
ξ=x = 0 (13c)

The Lagrange multiplier can be identified as

λ(ξ) = ξ − x (14)

Substituting the Lagrange multiplier λ(ξ) in the iteration formula (Eq. 11) we get the
following approximation

sn+1(x) = sn(x)+
x∫

0

(ξ − x)

[
∂2sn(ξ)

∂ξ2 + αsn(ξ)
∂2sn(ξ)

∂ξ2 − K sn(ξ)

]
dξ (15)

Substitution of the value of s0 from the equation 9 in the above Eq. 15,we get.

s1(x) = 1− a +
[

2a2α − 2aα + K − K a

2

]
x2 −

[
2a2α − K a

12

]
x4 (16)

For simplification we can write the above equation as

s1(x) = A + Bx2 − Cx4 (17)

where

A = 1− a; B =
[

2a2α − 2aα + K − K a

2

]
; C =

[
2a2α − K a

12

]
(18)
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Table 1 The numerical value of
a (for Eq. 16) for various value
of α and K

α = 0.1 α = 1 α = 10

K = 0.01 0.004530 0.002497 0.000455

K = 0.1 0.043937 0.024740 0.004544

K = 1 0.335869 0.224235 0.045293

K = 4 0.739357 0.637950 0.178966

K = 9 0.943118 0.900000 0.391822

Using the boundary condition Eq. 6a in the Eq. 16 we obtain,

a = [5K + 12(α + 1)]−
√

[5K + 12(α + 1)]2 − 240αK

20α
(19)

The numerical value of a for various values of α and K is given in Tables 1 and 2. For
the second iteration,

s2(x) = s1(x)+
x∫

0

(ξ − x)

[
∂2s1(ξ)

∂ξ2 + αs1(ξ)
∂2s1(ξ)

∂ξ2 − K s1(ξ)

]
dξ (20)

s2(x) = A +
[

2ABα − K A

2

]
x2 − [2C + 2ACα] x3 −

[
2B2α − K B − 12C

12

]
x4

−3BCα

5
x5 −

[
2BCα − K C

30

]
x6 − 6C2α

21
x7 (21)

where the values of A, B and C are given in the Eq. 18a to 18b. The first-order
approximate solutions (Eq. 17) is a simple result with high accuracy. Of course the
accuracy can be improved if higher-order approximate solutions required. Among the
approximations (Eqs. 17 and 21), the Eq. 16 is found to be the simplest one. Hence

s(x) ≈ s1(x) (22)

Equation 22 is the new simple and closed analytical expression of the substrate con-
centration for all values of α and K . Since s(x) + p(x) = 1, we can also obtain the
concentration of the product from the concentration of the substrate.Using the Lyons
[23] approximation (making the non-linear term s

1+αs ≈ the linear term (α+s)
(1+α)2 ). Lyons

et al. [23] obtained the concentration of the substrate

s(x) = (1+ α) cosh

(√
K x

1+ α

)
sec h

( √
K

1+ α

)
− α (23)

This approximation (Eq. 22) will be valid only for certain values of α and K (Refer
Fig. 2). Also this approximation will be a poor one for large K values [23]. The
normalized current is given by
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Fig. 2 Comparison of Uactal = s
1+αs with magic approximation ULyons = α+s

(1+α)2 when a α = 0.1,

b α = 1, c α = 5, d α = 10

y = α

(
ds

dx

)
x=1
= α (2B − 4C) = 2aα(2aα − K − 3α)+ 3Kα

3
(24)

Using the approximation (Eq. 22) Lyons et al. [23] obtained the current

y = α

(
ds

dx

)
x=1
= α
√

K tanh

( √
K

(1+ α)

)
(25)

Equations 17 and 24 represents the new analytical expressions of substrate concentra-
tion and current of potentiometric biosensors exhibiting Michaelis-Menten kinetics.

5 Problem resolution including substrate concentration polarization
in solution

In this case, the substrate diffusion in the solution adjacent to the polymer film is
included. The transport and kinetics are described in the dimensionless form [23]

∂2u

∂x2 −
K u

1+ αu
= 0 (26)

and now the boundary conditions are [23],
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du

dx

∣∣∣∣
x=0
= 0 (27)

u(1) = us (28)
du

dx

∣∣∣∣
x=1
= v(1− us) (29)

where the Biot number v is defined as follows

v = kD L

κ DF
(30)

The non-linear Eq. 26 is solved for the above boundary conditions using variational
iteration method. Using the boundary conditions (27–29), now we begin with initial
guess satisfying the above boundary conditions

u0 = us + v(1− us)

2

[
x2 − 1

]
(31)
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where

us = − (v − αv + k)±
√

(v − αv + k)2 + 4αv2

2αv
(32)

Using the above variational iteration method we get the following approximation

un+1(x) = un(x)+
x∫

0

(ξ − x)

[
∂2un(ξ)

∂ξ2 + αun(ξ)
∂2un(ξ)

∂ξ2 − K un(ξ)

]
dξ (33)

Substituting the values of u0 from the Eq. 31 in the above Eq. 33, we get the steady
state concentration (Refer Tables 4 and 5)

u(x) = u1 = us − a

2
+

[
K us − a

(
αus + K

2

)
+ αa2

2

]
x2

2
−

[
αa2 − K a

] x4

24
(34)

where a = v(1− us). The steady-state current response y is given by (refer Tables 6
and 7)

y = αν(1− us) = αν

[
1−

(
− (v − αv + k)±

√
(v − αv + k)2 + 4αv2

2αv

)]

(35)

Equation 34 and 35 represents the new analytical approximation of the concentration
and current. Lyons et al. [23] obtained the concentration of the substrate

u(x)=us cosh

(√
K x

1+ α

)
sec h

( √
K

1+ α

)
+ α

[
cosh

(√
K x

1+ α

)
sec h

( √
K

1+ α

)
− 1

]

(36)

Lyons et al. [23] obtained the current

y = αv

⎡
⎣1−

v −
√

Kα
1+α

tanh
(√

K
1+α

)

v +
√

K
1+α

tanh
(√

K
1+α

)
⎤
⎦ (37)

The numerical values of us for various values of K when α = 0.1 is given in Table 8.

6 Discussion

The primary result of this work is the first accurate calculation of steady state con-
centration of substrate (or product) and current for all values of α and K for poten-
tiometric response of polymer modified electrode system. The lyons approximation
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Fig. 5 Dimensionless steady state substrate concentration u(x) when α = 0.1. The curves (a1), (a2) and
(a3) are calculated using Eq. 34 and (b1), (b2) and (b3) are calculated using Eq. 36 for K = 0.01, K = 0.1
and K = 1 a v = 0.1, b v = 10

Table 8 The numerical value of
us for α = 0.1 and various value
of K

K v = 0.1 v = 10

0.01 0.916244 0.999094

0.1 0.509618 0.991222

1 0.045661 0.932362

4 −0.03972 0.83818

9 −0.06077 0.765866

is equal to actual expression when α < 0.1 (Refer Fig. 2a). The difference between
actual expression and magic approximation is significant when α > 1 and s < 0.8
(Refer Fig. 2b–d). Figures 3(a–d) and 4(a–d) shows the dimensionless steady state
concentration of substrate s(x) using Eq. 16 for all values of α and K . The value
of these two expressions is mostly equal. Table 3 indicates the numerical value of
dimensionless steady state current y(α, K ) for all values of α and K . In this tables,
our normalized current expression (Eq. 24) is compared with Lyons current (Eq. 25).
Computed current values using Eq. 24 yield an average relative error of −0.021%
when K = 0.1, −0.216% when K = 1 and 2.471% when K = 10 for all values of α

when compared with Lyons current expression (Eq. 25). Tables 4 and 5 represents the
dimensionless concentration profile of substrate u(x) for all various values of K and
v when α = 0.1. Tables 6 and 7 represents the current for various values of K and v.
In Tables 4 and 5, the concentration obtained by variational iteration method (Eq. 34)
is compared with Lyons [23] expression (Eq. 36). Figure 5 shows the dimensionless
concentration for various values of K and v when α = 0.1. The computed concen-
tration values using Eq. 34 yield an average relative error of 0.02% when K = 0.01,
0.51% when K = 0.1 and 73.69% when K = 1 for v = 0.1 and 0.002% when
K = 0.01, 0.19% when K = 0.1 and 24.11% when K = 1 for v = 10 (Tables 4
and 5). Similarly, the computed current values using Eq. 35 yield an average relative
error of 0.006% when v = 0.1, 0.006% when v = 10, 0.006% when v = 50 for
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K = 0.1 and 167.290% when v = 0.1, 1.886% when v = 10, 0.595% when v = 50
for K = 10 (Tables 6 and 7).

7 Conclusion

The steady state potentiometric response for a polymer-modified electrode sys-
tem which exhibits Michaelis-Menten kinetics has been discussed. Approximate
analytical solution to the non-linear reaction-diffusion equation has been presented
using variational method. A simple, straight forward and a new method of estimating
the concentration of substrate or product and the corresponding current for all values
of α and K has been suggested. The solution procedure can be easily extended to all
kinds of non-linear equations with various complex boundary conditions in enzyme-
catalyzed reaction diffusion processes.
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